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ABSTRACT

Spectral clustering is one of the most prominent clustering ap-
proaches. However, it is highly sensitive to noisy input data. In this
work, we propose a robust spectral clustering technique able to han-
dle such scenarios. To achieve this goal, we propose a sparse and
latent decomposition of the similarity graph used in spectral cluster-
ing. In our model, we jointly learn the spectral embedding as well
as the corrupted data — thus, enhancing the clustering performance
overall. We propose algorithmic solutions to all three established
variants of spectral clustering, each showing linear complexity in
the number of edges. Our experimental analysis confirms the sig-
nificant potential of our approach for robust spectral clustering.
Supplementary material is available at www.kdd.in.tum.de/RSC.

CCS CONCEPTS

«Computing methodologies —Machine learning approaches;
Unsupervised learning; Spectral methods; -Information sys-
tems —Data mining; Clustering;

1 INTRODUCTION

Clustering is one of the fundamental data mining tasks. Among the
variety of methods that have been introduced in the literature [1],
spectral clustering [20] is one of the most prominent and successful
approaches. It has been successfully applied in many domains
ranging from computer vision to network analysis.

Since spectral clustering relies on a similarity graph only (e.g.
connecting each instance with its m nearest neighbors), it is ap-
plicable to almost any data type, with vector data being the most
frequent case. Spectral clustering embeds the data instances into a
vector space that is spanned by the k eigenvectors corresponding
to the k smallest eigenvalues of the graph’s (normalized) Laplacian
matrix. By clustering in this space, even complex structures can be
detected — such as the half-moon data shown in Fig. 1 (left).

While spectral clustering is widely used in practice, one big issue
is rarely addressed: it is highly sensitive to noisy input data. Fig. 1
illustrates this effect. While for the data on the left spectral cluster-
ing perfectly recovers the ground-truth clusters, the scenario on
the right — with only slightly perturbed data — leads to a completely
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Figure 1: Spectral clustering (SC) is sensitive to noisy input.
Left: SC detects the clustering. Right: SC fails. Our method
(RSC) is successful in both scenarios.

wrong clustering for any of the three established versions [20] of
spectral clustering. Spectral clustering fails in such scenarios.

In this work, we introduce a principle to robustify spectral clus-
tering. The core idea is that the observed similarity graph is not
perfect but corrupted by errors. Thus, instead of operating on the
original graph — or performing some, often arbitrary, data cleaning
that precedes the analysis — we assume the graph to be decomposed
into two latent factors: the clean data and the corruptions. Follow-
ing the idea that corruptions are sparse, we jointly learn the latent
corruptions and the latent spectral embedding using the clean data.

For tasks such as regression [18], PCA [2], and autoregression
[6, 8], such ideas have shown to significantly outperform non-robust
techniques. And, indeed, also our method - called RSC - leads to
clusterings that are more robust to corruptions. In Fig. 1 (right)
our approach is able to detect the correct clustering structure. More
precisely, our work is based on a sparse latent decomposition of
the graph with the aim to optimize the eigenspace of the graph’s
Laplacian. This is in strong contrast to, e.g., robust PCA where the
decomposition is guided by the eigenspace of the data itself. In
particular, different Laplacians affect the eigenspace differently and
require different solutions.

We note that the focus of this work is not on finding the number
of clusters automatically. Principles using, e.g., the largest eigen-
value gap [14] might similarly be applied to our work. We left this
aspect for future work. Overall, our contributions are:

e Model: We introduce a model for robust spectral clustering
that handles noisy input data. Our principle is based on the idea
of sparse latent decompositions. This is the first work exploiting
this principle for spectral clustering, in particular tackling also
the challenging case of normalized Laplacians.

o Algorithms: We provide algorithmic solutions for our model
for all three established versions of spectral clustering using
different Laplacian matrices. For our solutions we relate to
principles such as Eigenvalue perturbation and the multidimen-
sional Knapsack problem. In each case, the complexity of the
overall method is linear in the number of edges.
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e Experiments: We conduct extensive experiments showing
the high potential of our method, with up to 15 percentage
points improvement in accuracy on real-world data compared
to standard spectral clustering. Moreover, we propose two novel
measures — local purity and global separation — which enable
us to evaluate the intrinsic quality of an embedding without
relying on a specific clustering technique.

2 PRELIMINARIES

We start with some basic definitions required in our work. Let A
be a matrix, we denote with a; the i-th row-vector of A and with
a;,j the value at position i,j. A similarity graph is represented
by a symmetric adjacency matrix A € (Rx)™", with n being
the number of instances. We denote the set of undirected edges as
& =1{(i,j) | ai,j > 0 Ai > j}. The set of edges incident to node i is
given by &; = {(x,y) € & | x = i V y = i}. The vector representing
the edges of A is written as [a;,j](;, j)ee = [@elece-

We denote with d; = };a;,j the degree of node i, and with
D(A) = diag(dy, . ..,d,) the diagonal matrix representing all de-
grees. We denote with I the identity matrix, whose dimensionality
becomes clear from the context. Furthermore, as required for spec-
tral clustering, we introduce different notions of Laplacian matrices:
- unnormalized Laplacian: L(A) = D(A) - A
- normalized Laplacians: Ly, (A) = D(A)~1L(A)

and  Lgym(A) = D(A)"/2L(A)D(A)~1/2

2.1 Spectral Clustering

Spectral clustering can be briefly summarized in three steps (see
[20] for details). Step 1: Construct the similarity graph A. Different
principles for the similarity graph construction exist. We focus on
the symmetric x-nearest-neighbor graph, as it is recommended by
[20] - any other construction can be used as well. Thus, the graph
Ais given by a; j = 1if i is a x nearest neighbor of j or vice versa,
and a; j = 0 else.

Step 2: Depending on the considered Laplacian, the next step is
to compute the following eigenvectors!:
- L(A): k first eigenvectors of L(A)
- Ly (A): k first generalized eigenv. of L(A)u = AD(A)u
- Lsym(A): k first eigenvectors of Lsym (A)
This step stems from the fact that spectral clustering tries to obtain
solutions that minimize the ratio-cut/normalized-cut in the similar-
ity graph. As shown in [20], an approximation to, e.g., the ratio-cut
is obtained by the following trace minimization problem

min Tr(HT L(A)H) subject to H' H = T
H eRnxk

)

The solution being the k first eigenvectors of the Laplacian L as
stated above. Similar trace minimization problems can be formu-
lated for the other Laplacians. We denote with H € R™¥ the
matrix storing the eigenvectors as columns.

Step 3: Clustering on H. The spectral embedding of each instance
i is given by the i-th row of H. To find the final clustering, the
vectors h; are (in case of Lsy, first normalized and then) clustered
using, e.g., k-means.

!We denote with ’k first’ eigenvectors, those k eigenvectors refering to the k smallest
eigenvalues.
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3 RELATED WORK

Multiple principles to improve spectral clustering have been intro-
duced - focusing on different kinds of robustness. Surprisingly,
many of the techniques [9, 11, 14, 23] are based on fully connected
similarity graphs - even though nearest neighbor graphs are recom-
mended [20]. First, using fully connected graphs highly increases
the runtime - the considered matrices are no longer sparse — and,
second, one has to select an appropriate scaling factor o, required,
e.g., for the Gaussian Kernel when constructing the graph (see [20]).
Thus, many techniques [9, 11, 14, 23] focus on robustness regarding
the parameter o.

Local similarity scaling: [23] introduces a principle where the
similarity is locally scaled per instance, i.e. the parameter o changes
per instance. By doing so, an improved similarity graph is obtained
that better separates dense and sparse areas in the dataspace. The
work [11] has extended this principle by using a weighted local
scaling. The methods work well on noise-free data; however, they
are still sensitive to noisy inputs.

Laplacian smoothing: [9] considers the problem of noisy data
similar to our work, and they propose a principle of eigenvector
smoothing. The initial Laplacian matrix is replaced by a smoothed
version M = Z?:z y+1/1i X+ xl.T where x; and A; are the eigenvec-
tors/values of the original Laplacian matrix. Clustering is then
performed on the eigenvectors of the matrix M. A significant draw-
back is that a full eigenvalue decomposition is required.

Data warping: [14] focuses on data where uniform noise has been
added; not noisy data itself. They propose the principle of data warp-
ing. Intuitively, the data is transformed to a new space where noise
points form its own cluster. Since they focus on fully connected
graphs, noise can easily be detected by inspecting points with the
lowest overall similarity. Since [9] and [14 ] are the most closely
related works to our principle, we compare against them in
our experiments.

Feature weighting: Focusing on a different scenario, multiple
works have considered noisy/irrelevant features. In [10] a global
feature weighting is learned in a semi-supervised fashion, thus,
leading to an improved similarity matrix. [24] learns an affinity
matrix based on random subspaces focusing on discriminative fea-
tures. In [7], inspired by the idea of subspace clustering, feature
weights are learned locally per cluster.

All the above techniques (except [7]) follow a two-step, sequen-
tial approach: They first construct an improved similarity graph/
Laplacian and then apply standard spectral clustering. In contrast,
our method jointly learns the similarity graph and the spectral
embedding. Both steps repeatedly benefit from each other.

Besides the above works focusing on general spectral cluster-
ing, different extended formulations have been introduced: [13]
considers hypergraphs to improve robustness, [3] uses path-based
characteristics. None of the techniques jointly learns a similarity
matrix and the spectral embedding. Not focusing on robustness
w.r.t. noise, [21] computes a doubly stochastic matrix by imposing
low-rank constraints on the graph’s Laplacian. It is restricted to the
unnormalized Laplacian and leads to dense graphs, making it im-
practical for large data. Moreover, works such as [15] consider the
problem of finding anomalous subgraphs using spectral principles,
again not focusing on the case of noise.
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We further note that the spectral analysis is not restrictred to a
graph’s Laplacian (as used in standard spectral clustering). The clas-
sical works of Davis-Kahan [5], for example, study the perturbation
of a matrix X and the change of X’s eigenspace. Following this line,
[22] studies clustering based on the eigenspace of the adjacency
matrix itself. In contrast, in this paper, we focus on the change of
the eigenspace of L(X). In particular, we also consider the case of
normalized Laplacians, which often lead to better results [20].2

4 ROBUST SPECTRAL CLUSTERING

In the following, we introduce the major principle of our technique
— called RSC. For illustration purposes, we will start with spectral
clustering based on the unnormalized Laplacian. The (more com-
plex) principles for normalized Laplacians are described in Sec. 5
Let A € (Rx0)™" be the symmetric similarity graph extracted
for the given data, with n being the number of instances in our
data (see Sec. 2). Our major idea is that the similarity graph A is not
perfect but might be corrupted (e.g. due to noisy input data). Any
analysis performed on A might lead to misleading results.
Therefore, we assume that the observed graph A is obtained
by two latent factors: A€ representing the corruptions and A9
representing the good’ (clean) graph. More formally, we assume

an additive decomposition?, i.e.

A =AY + A€ with A9, A® € (Rx¢)™" , both symmetric.

Instead of performing the spectral clustering on the corrupted
A, our goal is to perform it on AY. The core question is, how to
find the matrices A9 and A°? In particular since clustering is an
unsupervised learning task we don’t know which entries in A might
be wrong. For solving this challenge, we exploit two core ideas:

1) Corruptions are relatively rare — if they were not rare, i.e. the
majority of the data is corrupted, a reasonable clustering structure
can not be expected. Technically, we assume the matrix A€ to be
sparse.

Let 6 denote the maximal number of corruptions a user expects
in the data. We require ||A€||g < 2 - 0 where

lA°llo = (i) | af ; # O}

denotes the element-wise Ly pseudo-norm (2 - § due to symmetry
of the graph).

While 6 constrains the number of corruptions globally, it is like-
wise beneficial to enforce sparsity locally per node. This can be

realized by the constraint Ha? HO >

m for each node i (or equiva-
lently: ”af”o < |&;| — m; we chose the first version due to easier
interpretability: each node in A9 will be connected to at least m
other nodes). Note that 8 and m control different effects. To ignore
either global or local sparsity, one can simply set the parameter to
its extreme value (0 = % [|Allg or m = 1).

2) The detection of A9/A€ is steered by the clustering process, i.e.,
we jointly perform the spectral clustering and the decomposition of
A. This is in contrast to a sequential process where first the matrix
is constructed and then the clustering is performed.

2Surprisingly, many advanced spectral works still consider only the easier case of
unnormalized Laplacians. Our competitors [9, 14] handle normalized Laplacians.
3This general decomposition not only leads to good performance, as we will see later,
but also facilitates easy interpretation.
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Figure 2: Spectral embeddings for data of Fig. 1 (right). Left:
Spectral clustering; middle: RSC with 6 = 10, right: § = 20.

RSC enhances the discrimination of points.

The strong advantage of a simultaneous detection is that we
don’t need to specify a separate — often arbitrary — objective for
finding A9, but the process is complete determined by the underly-
ing spectral clustering. More precise, we exploit the equivalence
of spectral clustering to trace minimization problems (see Sec. 2.1,
Eq. (1)). Intuitively, the value of the trace in Eq. (1) corresponds
to an approximation of the ratio-cut in the graph A. The smaller
the value, the better the clustering. Thus, we aim to find the matrix
A9 by minimizing the trace based on the Laplacian’s eigenspace —
subject to the sparsity constraints. Overall, our problem becomes:

PROBLEM 1. Given the matrix A, the number of clusters k, the
sparsity threshold 0, and the minimal number of nearest neighbors m
per node. Find H* € R™¥ and A9* € (R»0)™" such that

(H*, A9*) = argmin Tr(H" - L(AY) - H)
H,A9
subject to HT - H =1 and A9 = A97 and
A=Al <2-0and|af| =m Vie{1,...n)

()

The crucial difference between Eq. (1) and Problem 1 is that we
now jointly optimize the spectral embedding H and the similarity
graph AY. The Laplacian matrix L(AY) is no longer constant but
adaptive.

Figure 2 shows the strong advantage of this joint learning. Here,
different spectral embeddings H (2nd and 3rd eigenvector since
the 1st is constant) for the data in Fig. 1 (right) are shown. The left
plot shows the embedding using usual spectral clustering. Due to
the noisy input, the three groups are very close to each other and
each spread out. Clustering on this embedding merges multiple
groups and, thus, leads to low quality (for real-world data these
embeddings look even harder as we will see in the experimental
section). In contrast, the middle and right images show the spectral
embedding learned by our technique when removing just 10 or 20
corrupted edges, respectively. Evidently, the learned embeddings
highlight the clustering structure more clearly. Thus, by simultane-
ously learning the embedding and the corruptions, we improve the
clustering quality.

4.1 Algorithmic Solution

While our general objective is hard to optimize (in particular due to
the ||.||o constraints the problem becomes NP-hard in general), we
propose a highly efficient block coordinate-descent (alternating) op-
timization scheme to approximate it. That is, given H, we optimize
for A9/AC; and given A9/A® we optimize for H (cf. Algorithm 1).
Of course, since A° determines A9 and vice versa, it is sufficient
to focus on the update of one, e.g., A¢. It is worth pointing out
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that in many works, the ||.||o norm is simply handled by relaxation
to the ||.||; norm. In our work, in contrast, we aim to preserve the
interpretability of the ||.||o norm; for this, we derive a connection
to the multidimensional Knapsack problem.

Update of H: Given A€, the update of H is straightfarward.
Since A9 = A — A€ and therefore L(AY) are now constant, we can
simply refer to Eq. (2): finding H is a standard trace minimization
problem. The solution of H are the k first eigenvectors of L(AY).

Update of A°: Clearly, since A needs to be non-negative, for
all elements (i, j) with a; j = 0, it also holds al?’ .= 0. Thus, in the
following, we only have to focus on the elements af’j with (i, j) € &,
i.e. the vector [al].cg. We base our update on the following lemma:

LEmMA 4.1. Given H, the solution for A minimizing Eq. (2) can
be obtained by maximizing

2
Allallece) = D, af;-|hi -y, 3)
(i,j)e&
subject to the ||.||lo constraints and for each e: a$ € {0, a.}.
ProoF. See appendix. O

Exploiting Lemma 4.1, our problem can equivalently be treated

as a set selection problem. For this, let X C & and [vf]eeg =v¥e
a;; if(i,j)=eeX
RI€! be the vector with vg\, = {01’] 1( ) , our goal is
else

to find a set X* C & maximizing fi (X") subject to the constraints.
Accordingly, Problem 1 can be represented as (a special case of) a
multidimensional Knapsack problem [16] operating on the set of
edges &:

COROLLARY 4.2. Given H. Let X = {e € & | x¢ = 1} be the
solution of the following multidimensional Knapsack problem: Find
xe € {0,1}, e € & such that Y, .cg Xe - pe is maximized subject to
YeesXe <O andVi=1,...,n: Yeeg, Xe < |E;i| — m where

pe = p(ij) = aij - ||hi - ”JHz @)

The solution for A w.r.t. Eq. (2) corresponds to v

This result matches the intuition of corrupted edges: The term p,
is high for instances whose embeddings are very dissimilar (i.e. they
should not belong to the same cluster) but which are still connected
by an edge.

While finding the optimal solution of a multidim. Knapsack
problem is intractable, multiple efficient and effective approximate
solutions exist [12, 16]. We exploit these approaches for our final
algorithm. Following the principle of [12], we first sort the edges
e € & based on their ratio p./+/se. Here, s, is the number of
constraints the variable x, participates in. Since in our special
case, each x, participates in exactly three constraints, s, = 3, it is
sufficient to sort the edges based on the value p.. We then construct
a solution by adding one edge after another to A¢ as long as the
constraints are not violated. This approach leads to the best possible
worst-case bound of 1/vn + 1 [12].

Algorithm 1 (lines 5-15) shows the update of A°/AY. Note that
we do not need to sort the full edge set. It is sufficient to iteratively
obtain the best edges. Thus, a priority queue PQ (e.g. a heap) is
used (line 7, 10). The local ||.||g constraints can simply be ensured
by recording how many edges per node can still be removed (line
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input :Similarity graph A, parameters k, 6, m

output:Clustering Cy, . . ., Cx
1 A9 « A;
2 while true do
/* Update of H */
3 Compute Laplacian, matrix H, and trace;
4 if Trace could not be lowered then break;
/* Update of A€°/AY */

X=0;

for each node i set count; « |&;| — m;

priority queue PQ on tuples (score, edge) ;

for each edge e € & add tuple (pe, e) to PQ if p. > 0
[Eq. (4) or Eq. (6)];

® N o @

9 while PQ not empty do

10 get first element from PQ — (., epesr = (i, j)) 5
11 if count; > 0 A count; > 0 then

12 X« XU {ebest};

13 count; — —; countj — —;

14 if |X| = O then break;

15 | construct A€ according to vX; A9 =A- A°;

=
)

apply k-means on (normalized) vectors (h;)i=1,.. . n

Algorithm 1: Robust spectral clustering

6, 13). Thus, an edge can only be included in the result (line 12) if
the incident nodes allow to do so (line 11).

The overall method for robust spectral clustering using unnor-
malized Laplacians iterates between the two update steps (lines
3-15). Note that in each iteration, line 8 considers all edges of the
original graph. Thus, an edge marked as corrupted in a previous
iteration might be evaluated as non-corrupted later. The algorithm
terminates when the trace can not been improved further. In the
last step (line 16), the k-means clustering on the improved H matrix
is performed as usual.

Complexity: Using a heap, the update of A® can be computed in
time O(|E|+ 6’ -log |E]), where 8’ < |E] is the number of iterations
of the inner while loop. Using power iteration, the eigenvectors
H can be computed in time linear in the number of edges. Thus,
overall, linear runtime can be achieved, as also verified empirically.

Sparse operations: It is worth mentioning that all operations per-
formed in the algorithm operate on sparse data. This includes the
computation of the Laplacian, its eigenvectors, and the construc-
tions of A¢ and A9. Thus, even large datasets can easily be handled.

5 RSC: NORMALIZED LAPLACIANS

We now tackle the more complex cases of the two normalized
Laplacians, which often lead to better clustering. For this, different
algorithmic solutions are required.

5.1 Random Walk Laplacian

Spectral clustering based on Ly, corresponds to a generalized eigen-
vector problem using L [20]. Our problem definition becomes:

PRrROBLEM 2. Identical to Problem 1 but replacing the constraint
HT -H=1withHT -D(A9)-H=1.

Again, our goal is to solve this problem via block-coordinate
descent. While the update of H is clear (corresponding to the
first k generalized eigenvectors w.r.t. L(A9) and D(AY)), using the
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same approach for A°/AY as introduced in Sec. 4.1 turns out to
be impractical: Since the constraint HT - D(A9) - H = I now also
depends on A9, we get a highly restrictive constrained problem. As
a solution, we propose a principle exploiting the idea of eigenvalue
perturbation [19].

Using eigenvalue perturbation, we derive a matrix A9 aiming
to minimize the sum of the k smallest generalized eigenvalues.
Minimizing this sum is equivalent to minimizing the trace based
on the normalized Laplacian’s eigenspace. We obtain:

LEMMA 5.1. Given the eigenvector matrix H and the corresponding
eigenvalues A = (A1, ..., Ax). An approximation of A minimizing
the objective of Problem 2 can be obtained by maximizing

follaSece) = Y a5, | - VAenly) ©

(i,j)e€

R

subject to the ||.||y constraints and for each e: a$ € {0, ae}.
Here, [ denotes the element-wise square-root of the vector ele-
ments, and o the Hadamard product.

ProOF. See appendix. O

Clearly, the solution of the unnormalized case (Eq. (3)) and
the normalized case (Eq. (5)) are structural very similar — and for
solving it we can use the same principle as before (Algorithm 1),
simply using as edge scores now the values

pe =pGp = an ([be = byl = VAo bl - [ VAo [ @

Accordingly, also the complexity for finding A° remains unchanged.
Note that only edges with positive score need to be added to the
queue (line 8).

Advantages: Comparing Eq. (6) with Eq. (4) one sees an additional
’penalty’ term which takes the norm/length of the vectors h; and h;
into account. Thereby, instances whose embeddings are far away
from the origin get a lower (or even negative) score. This aspect
is highly beneficial for spectral clustering: e.g., in the case of two
clusters, the final clustering can be obtained by inspecting the sign
of the 1d-embedding [20] - in general, intuitively speaking, clusters
are separated by the origin (see Fig. 2 where the origin is in the
center of the plots). Instances that are far away from the origin can be
clearly assigned to their cluster; thus, marking their edges as corrupt
might improve the clustering only slightly. In contrast, edges that
are at the border between different clusters are the challenging
ones — and exactly these are the ones preferred by Eq. (6).

5.2 Symmetric Laplacian
We now turn to the last case, spectral clustering using Lsym.

PRrROBLEM 3. Identical to Problem 1 but replacing Eq. (2) with

(H*, A9%) = argmin Tr(HT - Lsym(AY) - H)
H,A9

™

Using alternating optimization, the matrix H can easily be up-
dated when AY is given. For updating the matrix A9 (or equivalently
A€) we use the following result:

LEMMA 5.2. Given the eigenvector matrix H. The matrix A® mini-
mizing Eq. (7) can be obtained by maximizing

. . _ C
4~ %

fladlecs) = ), chi-hT

J
(ij)e& Jdi = di - \|dj —dj
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subject to the ||.|ly constraints and 0 < af < a., where all.C =
Zee&'i ag'

Proor. Similar to proof of Lemma 4.1; see appendix O

What is the crucial difference between Lemma 5.2 and Lem-
ma 4.1/5.1? For the previous solutions, the objective function has
decomposed in independent terms. That is, when adding an edge to
A®, ie. changing a j from 0 to a; j, the scores of the other edges are
not affected. In Lemma 5.2, the sum in f3 does not decompose into
independent terms. In particular, the terms df in the denominator
lead to a coupling of multiple edges.

While, in principle, f3 can be optimized via projected gradient
ascent, each gradient step would require to iterate through all edges.
Therefore, as an alternative, we propose a more efficient greedy
approximation: Similar to before, we focus on the solutions X,
Starting with X' = 0, we iteratively let this set grow following
a steepest ascent strategy. That is, we add the edge epes; to X
fulfilling
epest = argmax f3(o" V1)) ®)

ec&’
where &’ indicates the edges that could be added to X without
violating the constraints. Naively computing Equation (8) requires
|&’] - |&] many steps — and since we perform multiple iterations
to let X grow, it results in a runtime complexity of O(8 - |E]2);
obviously not practical. In the following, we show how to compute
this result more efficiently.

Definition 5.3. Let X C &, dl.X =di — Yeeg;nX Ge, and p; j :=
ai,j - hi - h]. We define

s(i, w, X) = ( ! _ 1 )17.’ )
(i.j)e%i\x Vi - Wﬁ ‘/E‘/E :

V(j,i)e&Ei\X

for each node i, and

1 1 1
for each edge e = (i, ), and
Ale, X) :=s(i, ae, X) + s(j, ae, X) + d(e, X)
COROLLARY 5.4. Given X and &’ C E\X. It holds

S(e, X)

arg max f3(vXV1¢)) = arg max A(e, X)
ec&’ ec&’

PRrOOF. See appendix. O

By exploiting Corollary 5.4, we can find the best edge according
to Eq. (8), by only considering the terms A(e, X). This term can be
interpreted as the gain in f3 when adding the edge e to the set X.
After computing the scores s(i, w, X) for each node, A(e, X) can be
evaluated in constant time per edge.

Moreover, let e = (i, j), for each non-incident edge (i’,j’) = ¢’ €
E\(&; U &;) it obviously holds s(i’, w,X) = s(i’, w,X U {e}) and
8(e’,X) = 6(e’, X U {e}). Thus, assume the edge ep.s; = (i, ) has
been identified and added to X. For finding the next best edge,
only the scores s(i, ., .) and s(j, ., .) need to be updated; followed by
an evaluation of § for all edges incident to the nodes i and j. The
remaining nodes and edges are not affected; theirs, §, and A values
are unchanged.



KDD 2017 Research Paper

0.06 0.06

KDD’17, August 13-17, 2017, Halifax, NS, Canada

0.06

#=0 (SC) H °. =10 (RSC)
0.04 sasargibiieeie ” 0.04
. E g §88 E gebe . ,
x . 'YL
H H g,
0.02 8 TH o 0.02 ! gggg
|
0.00 fgooete 0.00 g3
§g°°28 o
~0.02 o ) -0.02
TG,
-0.04 -0.04
-0.06 -0.06
0.020 0.025 0.030 0.035 0.040 0.020 0.025

0.030

9—20 (RSC)
ggessd 004 F““pgaéans
g6 [ gEfEfol
‘e 0.02 EBEEEE”Q !
g ° 08 e
0.00 Bgt s
-0.02
ST
. ENy .
L ELETRS 004 WL TTFYTPS
-0.06
0.035 0.040 0.020 0.025 0.030 0.035 0.040

Figure 3: Spectral embedding of banknote data based on Ls;m,. Note that the dataset contains two clusters. Left: Standard
spectral clustering; middle & right: Our method (6 = 10 and 20). The learned embeddings increase the discrimination between

the points. The two clusters stand out more clearly.

Exploiting these results, we compute the set X' similar to Algo-
rithm 1 (lines 5 - 15): Initially, compute for each node i and unique
edge weight a; ; the term s(i, a;, j, X). Then compute for each edge
e the term (A(e, X), e) and add it to the priority queue PQ. These
steps can be done in time O(y - |&]), where y is the number of
unique edge weights per node. Within the while loop: Every time
the best element ep,,s; = (i,j) from the PQ is retrieved, we recom-
pute s(i, ., X) and s(j, ., X), followed by a recomputation of §(e, X)
for all incident edges. Noticing that there are at most 2 - x many
incident edges (x nearest-neighbor graph) these steps can be done
in time O(y - x + x - log(|&E1)).

Overall, this leads to a time complexity of O(y - |E] + 6 - (x -
log(|E]) +y - x)). Note that the worst case (each edge has a unique
weight) corresponds to y = x. In this case we obtain O(x - |E] +
6 - (x - log(I8|) + x?)). For our case of spectral clustering using
nearest-neighbor graphs, however, it holds y = 1. In this case, we
obtain an algorithm with complexity

O(I&] + 6 - x - log(1E]))

Thus, being linear in the number of edges.

In summary, the principle for solving Eq. (7) is almost identical
to Algorithm 1 with the additional overhead of re-evaluating the
term A(e, X) for the edges incident to ep;. The full pseudocode
of this algorithm and the detailed complexity analysis are provided
in the supplementary material for convenience.

6 EXPERIMENTS

Setup. We compare our method, called RSC, against spectral clus-
tering (SC), and the two related works AHK [9] and NRSC [14]. We
denote with RSC-Lyy the different variants of our method using
the corresponding Laplacian. For all techniques, we set the number
of clusters k equal to the number of clusters in the data. As default
values we construct nearest neighbor graphs with 15 neighbors, al-
lowing half of the edges to be removed per node (m = 0.5-x). While
[14] uses a principle for automatically setting their parameters, the
obtained results were often extremely low. Thus, we manually opti-
mized their parameters to obtain better solutions. All experiments
are averaged over several k-means runs to ensure stability. All used
datasets are publicly available/on our website. Real world data: We
use handwritten digits (pendigits; 7494 instances; 16 attributes; 10
clusters)*, banknote authentication data (1372 inst.; 5 att.; 2 clus.)?,
iris (150 inst.; 4 att.; 3 clus.)4, and USPS data (9298 inst.; 256 att.;

4https://archive.ics.uci.edu/ml/

742

10 clus.)s. Further, we use two random subsamples of the MNIST
data (10k/20k inst., 784 att., 10 clus.) because our competitors can
not handle larger samples due to their cubic complexity. Synthetic
data: Besides the well known moon data as shown in Fig. 1, where
the vectors’ positions are perturbed based on Gaussian noise using
different variance, we also generate synthetic similarity graphs
based on the planted partitions model [4]: Given the clusters, we
randomly connect each node to x percent of the other nodes in
its cluster. Additionally, we add a certain fraction of noise edges
to the graph. By default we generate data with 1000 instances,
x = 0.3 and 20 clusters. We evaluate the clustering quality of
the different approaches using NMI (1=best). We start with an
in-depth analysis of our technique followed by a comparison with
competing techniques.

Spectral embedding. RSC optimizes the spectral embedding
H by learning the matrix AY. Thus, we start by analyzing the
spectral embeddings obtained by RSC. In Fig. 2 we illustrated the
spectral embeddings for the data of Fig. 1 (right). Standard spectral
clustering fails on this data, since the embedding (left plot in Fig. 2)
leads to unclear groupings. In contrast, applying our technique, we
obtain the embeddings as shown in Fig. 2 (right): the three clusters
stand out; thus, perfect clustering structure can be obtained.

A similar behavior can be observed for real world data. Fig. 3
shows the spectral embedding of the banknote data (two clusters)
regarding Lsym (the other Laplacians show similar results). On the
left we see the original embedding: The points do not show a clear
separation in two groups. In the middle and right plot, we applied
RSC with =10 and 6=20, respectively. As shown, the separation
between the points clearly increases. The embedding gets optimized
leading to higher clustering accuracy. As we will see later, for the
banknote data, the NMI score increases from 0.46 to 0.61.

Sparsity threshold. As indicated in Fig. 3, increasing the spar-
sity threshold might lead to a clearer separation. We now analyze
this aspect in more detail. Figure 4 (left) analyzes a two-moons
datasets with noise of 0.1. We vary 6 for all three techniques. 8 = 0
corresponds to original spectral clustering using the corresponding
Laplacian; clearly, its quality is low. As shown, for all techniques
we observe an increase in the clustering quality until a stable point
is reached. Fig. 4 (right) shows the same behavior for the ban-
knote data. The removal of corrupted edges improves the clustering
results. All three variants are able to reach the highest NMI of 0.61.

Shttp://www.cs.nyu.edu/~roweis/data.html
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Figure 4: Increasing the sparsity threshold 6 improves the
clustering quality. Left: two moons data; right: banknote.

Remark: Using the variant based on L, at some point, the qual-
ity will surely drop again. When all corrupted edges have been
removed, one will start to remove "good” edges. The reason is that
the terms in Eq. (3) are always non-negative. In contrast, using
Lyvw/Lsym (Eq. (3); Cor. 5.4, A), edges connecting points within the
same cluster will often obtain negative scores. Those edges will
never be included in the matrix A - independent of 6. Thus, in
general, the later two versions are more robust regarding 6.

According to our definitions we aim to minimize the trace. In
Fig. 5 we illustrate the value of the trace for the setting of Fig. 4
(right). Since the trace between the different Laplacian can not be
meaningfully compared in absolute values, we plot it relative to
the trace obtained by standard spectral clustering. For all of our
approaches the trace can successfully be lowered by a significant
amount; thus, confirming the effectiveness of our learning approach.
Note also that our algorithms often need only around 10 iterations
to converge to these good results.

Detection of corrupted edges. Next, we analyze how well our
principles are able to spot corrupted edges. For this, we artificially
added corrupted edges to the similarity graph based on the planted
partition model. We used two different settings: in one case 10%
of all edges in the graph are corrupted; in the other even 20% of
all edges. Knowing the corrupted edges, we measure the precision
p = |BN A|/|B| and recall » = |B N A|/|A|, where A denotes the
corrupted edges, and B the edges removed by our technique.

Fig. 6 shows the results when increasing the number of removed
edges (i.e. 0). For the 10% noise case (left plot), we observe a very
high precision which stays at the optimal value until 1200 - only
the corrupted edges are removed. Note that the absolute number
of corrupted edges in the data is 1261. Likewise, the recall is con-
tinuously increasing until around 0.96. Thus only a few corrupted
edges could not be detected. The scenario with 20% noise (3605

KDD’17, August 13-17, 2017, Halifax, NS, Canada

corrupted edges) is more challenging. While Lsyn, obtains a result
very close to optimal, Ly, and L perform slightly worse. Thus, for
these techniques also some good’ edges get removed. Note that the
curves do not need to be monotonic. Due to the joint optimization,
different edges can be removed for each parameter setting.

Overall, for realistic scenarios of noise, all techniques perform
well - with Lsy, often being the best one.

Robustness. In the next experiment, we analyze the robustness
of our method regarding perturbed data. That is, we study how
an increasing degree of noisy data effects the clustering quality.
We refer to the established moon data and perturb it randomly
according to Gaussian noise with variance increased from 0 to 0.115.
To highlight the variation in the clustering quality we average the
results over 10 datasets for each noise parameter.

Fig. 7 shows the results of our principles and standard spectral
clustering. The lines represents the mean NMI, while the error bars
represent the variance. Note that for standard SC we report the
best result among all three Laplacian (for each dataset individually).
Thus, standard spectral clustering gets an additional strong benefit.
Clearly, spectral clustering is not robust and rapidly decreases in
quality. Interestingly, for the moon data, L performs best. In any
case, all of our approaches clearly outperform the baseline.

Comparison of Runtime. We now turn our attention to the
comparison between RSC and related techniques. First, we briefly
evaluate the runtime behaviour. The experiments were conducted
on 2.9 GHz Intel Core i5 with 8GB of RAM running Matlab R2015a.
Fig. 8 shows the overall runtime for each method on pendigits. To
obtain larger data, we performed supersampling; adding small noise
(variance of 0.1) to avoid duplicates. Confirming our complexity
analysis, RSC scales linear in the number of edges — and it easily
handles graphs with around 1 mio edges. Not surprisingly, standard
spectral clustering is the fastest. The competing techniques are
much slower due to their cubic complexity in the number of nodes;
they can only handle small graphs. For the larger datasets, they did
not finish within 24 hours.

Comparison of clustering quality. Next, we provide an over-
view of the clustering quality. For all techniques we used the sym-
metric normalized Laplacian since it performed best. Even though
our main aim is to improve spectral clustering approaches, we ad-
ditionally report the results of two famous clustering principles:
(A) k-means and (B) density-based clustering (here: mean shift).
For the later, we tuned the bandwidth parameter to obtain highest
scores. As already mentioned in the set-up, the competing tech-
niques’ parameters were tuned as well. For RSC, we simply used

100% == 1 1 8
S Precision (all variants) & A
80% RN 08 —08 2
° LIRS N . = ,—& ’ \/
b S @ 7—LMI—¢/-\\-':=‘$.
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Figure 5: Our method obtains better
(lower) trace values (trace of SC=100%)
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Figure 6: Our method achieves high precision and recall; the corrupted
edges are successfully detected. Left: 10% noise; right: 20% noise.
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Figure 7: Robustness to noise. Our RSC
clearly outperforms spectral clustering.

a very large 6 and let the method automatically decide how many
edges to mark as corrupted - one advantage of Lsym, (see remark in
experiment on sparsity threshold). Table 1 summarizes the results
for the different datasets.

Besides using

data SC NRSC AHK (A) (B) |RSC
the full datasets, moons 047 099 053 0.19 034 |1.00
we use the prin-  banknote |0.46 047 052 003 0.03 |0.61
ciple of [9, 14] USPS  [0.78 083 077 0.61 0.15|0.85
and additionally  MNIST-10K [0.71 070 070 048 048 {0.73
Y MNIST-20K |0.70 0.76 0.71 048 dnf |0.78
select sets of the iris 078 079 053 076 0.72 |0.80
data. More pre-  pendigits |0.82 0.83 0.82 0.69 0.66 | 0.82
cisely, from the  pendigits-16 [0.86 0.87 0.88 088 001 [0.91
- pendigits-146 | 0.93 0.94 0.94 0.88 0.47 |0.96
pendigits data we . .
select specific dig- Table 1: Clustering quality

its indicated with pendigits-xyz.

As shown, in many cases our technique outperforms the com-
peting techniques. In some scenarios by even 15 percentage points
w.r.t. spectral clustering. Though, it is also fair to mention that
not for all datasets an improvement can be achieved. Our method
clearly outperforms k-means and density based clustering and it
finishes for all these datasets in a few seconds to minutes. In con-
trast, NRSC and AHK required already around one and three hours
respectively on the larger MNIST data.

Comparison of robustness. Next, we analyze the robustness
of the methods by artificially adding noise to the real data. To
ensure that the cluster detection is indeed getting more difficult,
we specifically add corruptions to the similarity graph connecting
different clusters. The results for the banknote data are presented
in Fig. 9. As shown, at the beginning all techniques remain at their
quality level obtained on the original data, with RSC obtaining
the highest quality. Adding more corruptions, however, standard
spectral clustering drops very quickly and sharply to low quality.
In contrast, RSC stays at its highest level for the longest time. AHK
is quite stable as well, while NRSC is much more sensitive.

Comparison of the embeddings’ quality. One of our main
hypothesis is that jointly learning the embedding and the corrup-
tions leads to improved embeddings. Thus, lastly, we study the
quality of the embeddings learned by all techniques. While we have
already seen in Table 1, that the NMI scores of RSC are good, such
measures give only limited insights how the underlying embedding
space looks like. How can we measure the quality of the embeddings?
In particular, we aim to derive statistics that do not depend on
applying a clustering technique on the data - instead we want to

Number of Edges
Figure 8: Runtime analysis. RSC scales
linear in the number of edges

744

Degree of Corruption
Figure 9: Robustness of all techniques
on banknote. RSC is very stable.

evaluate the embedding based on the ground truth classes® only.
We argue that two properties should be fulfilled: (a) Local purity.
In a good embedding, the instances within a local neighborhood
should belong to the same class. (b) Global separation: In a good
embedding, it should be possible to distinguish between instances
of different classes by inspecting the intra-class and inter-class
distances only. That is, the classes should be easily separable.

Evaluation of Local Purity. Let h; denote the embedding of
instance i and ¢; € C its class according to the ground truth. We
define the purity pury (i) of the neighborhood around instance i
(x-nearest neighbors) as the largest fraction of instances belonging
to the same class. Formally: Let NNy (i) denote the set of x nearest
neighbors of i in the embedding space and occy (¢, i) the number of
times the class ¢ occurs in the neighborhood of node i (including
the node itself), i.e. occx(c, i) = [{j € NNx (i) U {i} | ¢; = c}|. Then
the purity is given by

(i) = — (c.i)
UTy (1) = —— mMaxX oCcCy(C, 1
purx x+1 ceC *

The overall local purity (at scale x) is defined as the average over
all instances:

1 N
PUR(x) = Z purx(i)
i=1

In the best case PUR(x) = 1, each neighborhood contains instances
of a single class only; in the worst case 1/k where k = |C] is the
number of classes. As an example, imagine an embedding that looks
like Figure 1: We would observe good purity (PUR(x)=1) for small
x. Slightly increasing x, the purity decreases since different classes
get merged, demonstrating the low quality of such an embedding.

Results: Fig. 10 shows the result for banknote and USPS for all
competing techniques. x is scaled from 1 to the maximal cluster size
to ensure that all scales are captured. As a baseline we also evaluate
the purity of the original input data (i.e. the embedding space is the
raw data). As seen, in both plots, the original data only has good
purity for small x, but drops quickly. This indicates complex shapes
like in Fig. 1. For banknote, RSC has consistently the highest local
purity. The embedding well reflects the ground truth locally. SC
and AHK perform slightly worse. NRSC, in contrast, drops very
quickly similar to the baseline. For USPS, all techniques clearly
outperform the baseline. While for small x RSC is slightly below

®We specifically use the term ’class’ to indicate the groups given by the ground truth,
not the groups detected by an arbitrary clustering method applied on the embedding.
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Figure 10: Evaluation of local purity (left: banknote, right:
USPS). RSC’s embedding represents the classes well locally.

the competitors, it outperforms them for larger x, which is also
reflected by a higher NML

Evaluation of Global Separation. We formalize global sepa-
ration by extending the idea of the Silhouette coefficient [17]. For
each class ¢ we compute the list of pairwise distances P, ¢ of all
instances within the class, as well as the list of pairwise distances
P, between instances from class ¢ to ¢/, i.e.

Pc o = [dist(hi, hj)]iec,,jec,
where C. = {i | ¢; = c} is the set of all instances from class c.

For each list we compute the average over the (x - 100)% smallest
elements, denoted as P (x). Following the Silhouette coefficient,
we then compute the difference between the within class distances
and the distance to the closest other class, i.e.

Pe o (x) = PC,C(x)
max{P¢ ¢ (x), P ¢ (x)}

where ¢’ = argming4c P o (x). In the best case GS¢(x) = 1, in the
worst case —1. GS¢(x) can intuitively be regarded as a robust ex-
tension of the Silhouette coefficient (w.r.t. the ground truth classes).
For x = 1, it resembles the Silhouette coefficient w.r.t. class c. For
x < 1 only parts of the distances are considered, thus, capturing
that the embedding might not completely represent the ground
truth. Imagine an embedding that resembles Fig. 1, GS¢ (x) will be
relatively low due to similar inter-class and intra-class distances.

Results: Fig. 11 shows the result for two exemplary classes. An
overview of all classes is available in the supp. material. Again, the
raw data shows the worst result, with scores consistently below
0.25 indicating no good separation/clusteredness of the class labels
in the space. In contrast, RSC obtains extremely high scores in
both datasets up to a very high x: for banknote until 0.85, for USPS
0.97. That is, a very large fraction of the ground truth class is
well separated and clustered in the learned embedding. Clearly,
not every class from the data shows such perfect result since the
NMI scores are 0.61 and 0.85. The (sharp) drops at the end indicate
that some of the instances of the ground truth class are wrongly
assigned to a different region in the embedding space. When trying
to include these (x = 1), the score highly drops. The competing
approaches consistently perform worse, showing no good match
between the ground truth and the clusteredness of the embedding.

The results on the USPS data also indicate that local purity and
global separation of an embedding are indeed two different proper-
ties: While SC and AHK have good results on the local purity, they
perform poor regarding global separation. The learned embeddings
of RSC capture well both properties confirming the benefit of our
joint learning principle.

GSc(x) =

200 400 600 800 1000 1200 1400 1600
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Figure 11: Evaluation of global separation (left: banknote,
right: USPS). RSC’s embedding separates the classes well.

7 CONCLUSION

We proposed a spectral clustering technique for noisy data. Our
core idea was to decompose the similarity graph into two latent
factors: sparse corruptions and clean data. We jointly learned the
spectral embedding as well as the corrupted data. We proposed
three different algorithmic solutions using different Laplacians. Our
experiments have shown that the learned embeddings clearly em-
phasize the clustering structure and that our method outperforms
spectral clustering and state-of-the-art competitors.
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APPENDIX

PROOF OF LEMMA 4.1. Note that L(A9) = D(AY) — A9 = (D(A) -
D(A€)) - (A - A€) = L(A) — L(A®). Thus, Eq. (2) can equivalently
be written as Tr(HT - L(A9) - H) = Tr(H” - (L(A) — L(A°)) - H) =
Tr(HT - L(A) -H)-Tr(HT - L(A®) - H).

Given H, theterm Tr(H T - L(A) - H) is constant. Thus, minimizing
the previous term is equivalent to maximizing Tr(H T L(AC) H).

Let yk be a column vector of H . Noticing that (see [20]) y; TL(A)yx
= Z,’j 3 a; ;i Yk Yk, ;)?, and exploiting the orthogonality of H
it follows: Tr(HT “L(A°) -H) = Y 2, ; % caj ;- (Yr,i — Yr.j)* =

2
iLj 2 . ”h hj||2, where the last step used yg ; = h; k.
To ensure that A€ as well as AY are non-negative, it holds 0 <
a7 ; < aij. Thus, if a;; = 0 then a7 ; = 0. Exploiting this fact

ij =
and the symmetry of the graph leads to 3; ; 3 - a h; - hj”z =

Soipes af; - |[hi - hj”z'
Next, we show that there exists a solution where each a§ ;€ {0,a;,;}.
al.cj < ajj. Let M = [a¢]ece be a maximum of Eq.

> 0 but < a; ;. Let M’ be the solution where
= a; j. Since only ||.]|, constraints are

[20]
[21]
[22]
[23]

[24]

ac |
L]

As known, 0 <
(3) where some a; ;
this entry is replaced by a; ;

used, M and M’ fulfill the same constraints. Since | ; z is non-
negative, f;(M’) > fi(M). It follows, that a solution minimizing Eq. (2)

can be found by investigating af ; = 0 or a; ; = a;,; only. O

ProoOF oF LEMMA 5.1. The goal is to find a matrix A9 whose sum
of the first k eigenvalues is minimal (and fulfills the given constraints).
Since, however, A9 is not known, we refer to the principle of eigen-
value perturbation.

Let A’ be the matrix obtained in the previous iteration of the al-
ternating optimization and let y; be the i-th generalized eigenvec-
tor of L(A?) (these are the columns of the matrix H from above, i.e.
yi,j = hj ;). Furthermore, denote the corresponding eigenvalues with
Ai. We define L(AY9) — L(A?) =: AL and D(A9) — D(A?) = AD.

Based on the theory of eigenvalue perturbation [19], the eigenvalue
1Y of L(A9) can be approximated by

A= Ai+y!l - (AL-A; -AD) - y;
=i +y; - (L(AY) - L(A")) - A; - (D(AY) - D(A"))) - y;

Using the fact that L(A9) = L(A) — L(A€) and D(A9) = D(A) -
D(A°), and after rearranging the terms, we obtain

=:c;

L(A") - i - (D(A) - D(A"))) - y;

—y!  (L(A%) = A; - (D(AY)) -y

A xAi+yl - (L(A) -

=i
Since c; is constant, minimizing /1[.9 is equivalent to maximizing g;.
Simplifying yields:
=y - L(A°) -y,

- A -yiT -D(A) - y;
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1
= Z 2 Wi~ Yi) = Ai Z v, ds
i 7

where df = [D(A®)];,; = X a5 ;..
1
9= 5% Wiy = yir)' =2
JJ
_Zac l(_ 4~/)2—A~2
= 4 5.7\ 3 Yi,j — Yi,j iYi,j
J.J’

and exploiting the symmetry of the graph, we obtain

o- 3

U.Jeé

Thus

2 c
Y49,

2 2 2
a ;o (Wi - viy)* = Ll = iyl )
Since the overall goal is to minimize ZL A9, we aim at maximizing

Z%—Z 2, @

i=1(j,j')e&
= > & Z(yu yir)’ —Z/hyl, Z/hyl,
U.J")eé

By noticing that y; ; = h; ; we obtain

- 3

U.J)e&

cj’ ((yi,j - yi,j’)z - Aiy,g,j - Aiy?,_j’)

R -V

X

Note that some of the terms x might be negative. Clearly, since we
aim to maximize the equation - and since af ; > 0 - for these terms
we have to choose a7 ; = 0. For the remaining (non-negative) terms,

the same arguments z;pply as in the proof of Lemma 4.1: i.e. they are

either 0 or a;, ;. Thus, overall, for each term we have a; € {0, a.}. O
ProoF oF LEMMA 5.2. Note that afj =a;;—a; ;and al =d;-df.

Let yx be a column vector of H. It holds yZ * Lsym(A?)yx [270]
ykz Yk, Yis Yi,  2yrivk,

Z112 zj\/y \/d*; Z112 1](_+dgj_‘/y\/d7y])_212yk1

i,jYk.iYk,j

+Zj%yk -_Zi,jJ—

»J vai Jaf

constant. Furthermore, due to orthogonality it holds Tr(H TLsy mH)

. Since y is given, the first two terms are

= T L<umYk. Thus, minimizing the trace is equivalent to maxi-
kY ymY g q
mizing
al Yk iy, j al;
Yk Xij e = Nij —==hi hT, noticing that yx ; = h; ;.
, ; i : 8
Va7 Jas Va7 Jas

Exploiting the graph’s symmetry concludes the proof. O

PrROOF OF COROLLARY 5.4. Adding e = (i, j) to X has the follow-
ing effects: the term af changes from 0 to a.; the degree of the two

incident nodes becomes dfu(e’ = df( — a.. Therefore,

e}  Pxy
@) = fi(0%) -
,/dx ,/d‘\’ (x.y)eEr uaj X A Jdl - JdY
(x, y)i(t J)
pl,X px,]

>

#j ds - ,/dx [aX - aerJdX
oegpx VI T AN x)esj\x d;
V(x,i)€E\X V(x,j)eE;\X

= f3(0%) + 5(i, e, X) + s(, ae, X) + S(e, X) = (o) + Ae, X)

Since X is given, f;(o) is constant. Thus, the edge e € & maximiz-
ing f3 (0¥} is found by maximizing A(e, X). O
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